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ABSTRACT

Consider the two-factor crossed components of variance model given

by

ij + A + T + E j for i = 1, ... , I; j = 1, ... , J.

The random variables Ai. TV Eij are normal and independent with means zero

and ~ ~ A vaiace a2 a,2 Approximate confidence intervals are presented and

evaluated for the ratios p =02/(02 + 02 + 02) and P' a2/(02 + 02 + 02).A A A T C T A T

\Ac~in o

7~~ ~



1. Introduction.

Consider the tw-factor crossed Components-of-Variance model

given by

V gi + A. 4 T + C1 I j=2,..

The A1,Ti~c 13  are independent Liobservable r'endow variables and

A i - 4N(O' A 2) Tjs.N(O'o T 2?) (O 2

pisan unknown paramete, and the Y.. are observable random

variabl es.

The analysis of variance table for this model is given in Table 1

Table 1.

Source d.f. S.S. M.S. E.r...

2

Mean 1 IJ Y2

Due to A n (I-1) 2 S 2V O 2 2 1
1 . 1 l ~i% '-

22 2 2Due to T nl = (J-l f T. . )2 s 02 10 T* +

Errr 3 =fi? ~ (yT.~ - 2 2 2
Erro n n _ __ (i-.- ____ I)

3~ 1
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The random variables V, Sls 2,

$22 $32 are complete sufficient

statistics for this problem and niSi2/Oi -.x2(ni)for i=1,2,3 and

are mutually independent.

An important problem in applied statistics is to obtain confidence

intervals on various functions .of the variance components A 2 T  ,and

2

For some well-known functions exact-size confidence intervals are

available, but in many situations exact-size confieence intervals have

not as yet been derived.

For the following important and useful functions exact-size

confidence intervals are known (exact-size means exact confidence

2 2 2 2/2 2 2 2 2 2 2coefficient): a€ ' , a E / A , C G , 0E /( a + aA )' /( cc + OT

cA2/(c2 + aA2)' T 2/(U2 + 0T 2). For a discussion of these see Gre.yhil1 (1976).

Very good approximate confidence intervals are known for oA2

and cT

For approximate confidence intervals on linear combinations of
2 2 2

OA ' cT 2 o2 see Welch (1956).

In applied work it is often important to determine the ratios of

the individual variances cA 2 T2 , and a 2 to the total variation

(cA 2 + OT 2 + 02) i.e., to determine

PA a aA2 /(A2 + GT2 + °c2 )

PT n OT 2/(OA 2 + olT2 + ; 2 )

a2 2 T2 2)
TOT c/(A +1 +0 )
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There is no method available for setting exact l-a confidence

intervals on PA 9 PT ' or pe. Large sample approximations have

been proposed by Osborne and Paterson (1952).

The purpose of this article is to obtain good approximate 1-a

upper, lower, and two-sided confidence intervals for and

and evaluate how close the approximate confidence coefficients are to the

specified I-.

The quantities PA and PT are useful in many applications.

Graybill (1976) gives an example of a two-factor crossed components of

variance model without interaction. An investigator wants to examine

the effects of drivers and automobiles on gas mileage. One type of

automobile is used and 20 are selected at random fro,, one month's

production. Ten people are selected at random from a large city and

are asked to drive each car for two weeks and record the number of miles

per gallon of gas used for each car for the two-week period. The total

variation in the number of miles per gallon of gas used for this type of

automobile is o2 + 2 + 2, where a2 is the variation due to the cars,

is the variation due to the drivers, and o2 is the variation de to

all other noncontrolled factors. The proportion of the variation in the

number of miles per gallon due to the cars is given by PA , and the

proportion of the variation in the number of miles per gallon due to the

drivers is given by PT'
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2. Approximate Confidence Intervals.

In this section approximate confidence intervals on PA and

PT will be derived.

First consider a 1-a upper confidence interal on PA

denoted by IA - 0A where iA is the lower confidence point.

It is simpler to find a I-a upper confidence interval for

ToA2 0I -1 3
A 2  2 e2 + 1113it ' + a C

and convert this to a confidence interval for PA by using the fact

that

A \ IGA) (2.1)

A function gL(Y) of the observable random vector Y must be

determined such that

PgL(_Y) !- eA]

is close to a specified 1-a for all values of the unknown parameters.

Since 7, S12. S22 , S32  is a set of complete sufficient statistics

for this problem, the lower confidence point should be a function of

these random variables. So a function hL(T, S12 ,S2 2,S 3 2) must be

determined such that

P[hL(-,SI 2 S2
2,S3

2) eA]

is close to a specified I-at

If any constant k is added to each observation Yij the

parameter 0A is unchanged so it is required tiat hL '+kS1 2,S2
2 ,S3

2)
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remains unchanged. The constant k = - Y is chosen and thus

hL(YS 1
2,s2

2,S3
2) = hL(O,S12,S2

2 ,S3
2) = qL(S 1

2 ,S2
2 ,S3

2 ), which is a

function of SI 2 , , and S2 only.

If each observation Y ij is multiplied by a non-zero constant

c , the parameter 0A is unchanged so it is required that

qL(S 1
2,S2

2,S3
2 ) remains unchanged also. The constant chosen is

1/$32 so

q(S 1
2

2
2 S3

2 ) = q L• L S2, S3 ' $3 21S 32

which is a function of S1
2/S3

2 = F1  and S 22/S 32 = F2 only.

The problem is reduced to determining a function L(F1 ,F2) such

that

P[L(F],F 2 )  A ]

will be close to a specified confidence coefficient 1-a

To determine the function L(F1 ,F2 ) the following five conditions

are imposed.

1) The confidence interval must be exact when 03 0.

When e3 = 0 it follows that S3
2 = 0 with probability one,

F1
"- = 0 with probability one, and eA = 01/2 . So an exact i-a

lower confidence limit on 0A is

12
S 2

Fa:n,n 2  2

and L(Fl , F2 ) must be equal to

2I
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F
C&n13f 2 2

In order to satisfy this condition.

2) When oA2 -* it is required that the confidence coefficient

2 an 20  2
be exact. When 0A - and aT 2 are fixed it follows that

91 - with e2 ,e3 fixed, and e I dominates eA . So the confidence

interval on eA should behave like an exact I-a confidence interval

on e . So L(F1 F2 ) should beequal to S1
2F -1

3) The confidence interval is required to be exact when

J. and I is fixed.

When J -P- it follows that n 2 -KD, n 3 -o- and hence S 2 6 2

2In probability and $3 - e3 in probability; also,

(S2
2 + nlS 3

2 ) - (e2 + ne3)

In probability.

Begin with an exact (1-a) confidence interval for e given

by

Sl2 F-1 < e

:n1 - 1

and subtract $32 from the left side and the "equivalent" value 83

3 3
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from the right side to obtain

S 2 F -I S 2 < -
I F:n 3 - 1 3

Then divide the left and right sides, respectively, by

(S2
2 + n1S3

2) and the "equivalent" value (02 + n 1 3 ) to obtain

S 2F 1  -S 2
r :nl, 3 0 1 -e 3

2 1S3
2  < e2 +ni0 3

$2 + n 2 13

Hence, when J-c the lower confidence point should behave like

FF 1  -1

L(F1,F2 ) = F2 + n1

4) When I-o- and J is fixed the confidence interval is

required to be exact.

For I-*- and J fixed it follows that n1-* , n3-"* and

S1 2 0 1 in probability, and S3
2 - 03  in probability; also,

$ - S32 -+ eI - 03 in probability.

Begin with a l-a exact confidence interval for e2 given by

e2 i S2 2Fa:-,n 
2

2
Add nS 3  to the right side and the "equivalent" value n1o3  to the

left side to obtain

e2 +nle 3 ! S22F :-,n2 + n1 S32

Take the inverse of each side, then multiply the right and left sides

respectively, by S12 - $32 and.its "equivalcnt" value 01 - C3
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to obtain 1 3

S2
2Fa:=,n + nis3 2 +n1e 3

'2

Hence, when I-,,L(FIF 2 ) is required to behave like

F - +IL(FI F 2 ) = F _ + n "
2 Fa : -,n 2

5) If an c-level test of HO: 1 = 03 vs. H : I > 03 is

accepted the confidence interval should include "zero" and L(FI,F 2)

should be increasing in F1  for fixed values of F2

H0  is accepted iff F1 < F:nlVn so the confidence limit

should be

L(FI,F2) = 0 when F, < F:,

2) 0 :n ,n3
L(FIF 2) monotonic increasing in F1  for fixed values of F2

when F1 > Fa:nl,n 3

The form of the function that could be used for L(FI,F 2) is

ao + aiF1
L(FF 2) o 1 2

but a more general function will be examined, i.e.,

L (F I F 2 = 1_ 2 1
b + b F + b F20 112 212

where ai and bi which are functions of nl,n 21n3, are determined

by requiring L(FI,F 2 ) to satisfy conditions 1), 2), 3), 4), 5)

Substituting condition 1) gives

F :n,(2.2)
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Substituting condition 2) gives

81a F -1(23

and hence

b1 =Fj ~F~* (2.4)

From condition 3) Lim ao = -1 Limr b - n1 , L imn a1 F. 00
J4*w J40, W J-+00

Lim b1.1', Lim a = 0 , Limb = 0
JO* 2J-Ja. 2

which are satisfied for those values of a,, b1 from equations

(2.3) and (2.4).

From condition 4) Lim ao 1, Lim b0=n, ,Lim a1  1 1

2 I4'Io

Hence the limits of a 1  and b1  are consistent for condtions 3)

and 4).

From condition 5) L(F1,F) 0 if F1 < F~:~ which implies

that

a80 + a1F1 + a 2F 1-1 0 if F, F n,

Now substitute F 1  F a:nn into

a 1 a 1 fl F + aF 1  =0

let a1 be the value given in equation (2.3) and solve for a2 to

obtain

82a F F )F2 a~lpcn1~n3 a:n1,nl



Use the simplest values for ao  and bo , namely, ao  -1

and b 0  n , and obtain

-1 0F + l-F1  F )F-I13  1I +(.a:n.~ :nl'n nl FI-I
L(Fl  F 2  

3=1
nI + F -l F + b F2"

I:nI ," a:n l ,n 2 2 2

if F1 > F an 3  (2.5)

L(F1,F2) = 0 if F, <Fa:nl,n

To determine the value of b2 we impose condition 6).

Condition 6), When Ho:aT2  0 vs. HI:aT 2 > 0 is accepted

the confidence interval is required to be exact.

To examine condition 7) we get H:0T2 = 0 vs. HI:0T2 > 0 <->

Ho:e 2 = e3 vs. H1 :02 > 03 <=> Ho:OA 
= (e1- 3)/1o 3  vs.

H :eA  < (e -e3)/We 3  .

If H is true then e= OA2/ 2= ( 1" 1 3

So if H0  is accepted at a level we want L(F1 ,F2) to be an

exact 1-a lower confidence point for eA

Ho  is accepted iff F2 <_ Fa:n2, . An exact 1-a lower

confidence point for el/IO3 - 1/I is

S1 F -

Fa:nl'n 3  1 < 1 " 3

I S3
2  f 3

So when F2 : Fa:n 2 n 3 we want

S2 F-lI

SI Fa:n',3 1
L(F1 'F2 ) = 2 3 1

IS3

This is not consistent with the f lr, Iive C iiLio' , so we oiily require

the denominator of (2.5) to be I when condit,i,, (,) i.! satisfied.
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So set

'n +F -1 F F + b F: I I
and then

b~i 1F F F ann)Foi*n ,2 - l1 ,a~ a:n 1,n2 :T 2,fl3  *2'3

and this satisfies Lim b 0

The final result is

-1 +F - F F )F FK1

L(FPF2)= 1 ~n c I:1. aw: n1, n3 a:r1 1,n 3 1

n+ F F F 1( 2

s2 ' 2 F
1'3 -a:n,,n 3

if and

S22S32> F n2n

-1 + F -l1 F + (1-F -l F )F F-1

L(FIOF 2) 1 f 1 mall i1 f 3 1 (2.6)

2 '

L(F 1 IF 2) 0 if S2/S32<F an,
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Instead of using L(F1,F 2) in equation (2.6), the simpler function

in equation (2.7) will be used; which is obtained fromi equation (2.5)

by setting b2 = 0. Note that Lim b in equation (2.6) satisfies
2 2m

the requirement in condition 5). So the lower confidence point for A is

-i+r-1 F + (1-F 1  F )F -

LA(Fl IF) - I~.c 1: cn, a a:n, In1 3 ,n n3 1
A 2ni+ F -n F F

if S 12 /S 32 > F ~,, (2.7)

LA (Fl ,F2) =0 if S 12/S 32 -, Fca:n 1 ,n 3

Note that the confidence interval in equation (2.7) covers the

maximum likelihood estimator of 0 A 0say e A *To demonstrate this,

the M.L. estimator of oA 1 denoted by e.A is

e A =(F I-l)/(F2 +nl) if F 1  1

eA= 0 if F, <l

and the confidence interval is

-1 + F Q-1l + (1-F a F )F F -
c:n 1 l c:n Io .- :n, In 3  a:n1 p n3 1

F TF F FA o
a: nIat cn 1i n2 2

if F1 I F a n ,

0 ' <W if F, Fann 3l
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Now

-1F 1  F +(-F -1  F )F F-1
1+a~nlh.1+( V a:nlra:nln 3 )c:nl,n 3 1 F1 - 1

and

(1-F F 0.CI:n, -Fa:n,n02 )  O

Also
n I + F - 1  F F >F + n

a:n 1 ,-Fc:nln 2 2 2 1

because

S-1>1F :n ,,- Fc:n 1, n2

So LA(FIF 2) <9 A <  and jA is in the I-a confidence interval.

Next consider a lower l-a confidence interval for eA . A lower
I-a confidence interval for 0A , given by 0 <_ UA(FF 2 ) can be

readily obtained by replacing a by 1-a in equation (2.7). The

upper 1-a confidence point of tfie lower confidence interval is

given by
-1 FI'I +'1F F )F
-I:nGOF  + (1l- 1_:n 1 ,F1-ct:nlpn 3 )F1_:nl,n3  1

UA(F ,F2 ) = ______1_3________n_3_F___FVIn+ F -IF
1-c:n I ,-Fl-a: nl,n 2 F2

if FI > F I:nn, (2.8)

UA(FVF 2) = 0 if F1 <Fl:nn 3

The procedure for determining this lower confidence point is

similar to that described for the upper confidence point.

From the formulas for upper and lower confidence int'rvals in

equation (2.7) and (2.8), the two-sided confidenr:e irte rval on r
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can be readily obtained. The l-a two-sided confidence interval for

0A is given by Q <OA(0 , where

-1 +F 1I + (1FF )F F
Ll /2:n, 1  a2:in9 ci/2:in, ,n3  Qt/2:n 1,n 3 1

n+ Fu n -1 F i: 1 nF2  29

F1 F F + (1-F -l F)F_
1-a/2:n,,o 1 101/ 2:in P" 1-m/2:n Isri 3  l-c/2:n,n 3 1

A F~ I-/ nI. F 1-/2:n F 2

This will be proved in Chapter 3.

If either limit is negative it is replaced by zero.

As mentioned in Chapter 1, due to the symmetry in the model, if

a confidence interval fcr e A is obtained, the confidence interval

for 0T can be easily obtained. The formulas for thrn confidence

intervals for OT are given below where o T = GT 2/(GA 2+o C )J. The

l-a lower confidence point for eT is

-1 + F -1 F +- (1l-F 1  F ,n)Fn F_
LT(FI = a~ P ao 2 :n 2, - :n 2  in3 c 2  n 3  2 ( . 0

2)(in + F -T F F - ( . 0
2' Q 2,n 1

The 1-a upper confidence point for eT is

-1+ +1 2-
1~c~nm2 I-+ - )F1a~:n 2in 3F

n2 ~ 2+ 1l~nl~n~
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The 1-a two-sided confidence points for OT are

FU- + (1-FF) F-I
- + /2:n2,-F 2 + 1F/:nsa/z:n2,n3 a/2:n 2,n3 2U T = n .Fl,- /:2n12

and n, + Fca;2:n Fa/2:n nF1 (2.12)

-1 + F F + F -I F F I

L 0 /2:n.r 2m -1 a/2:n 2, m 1- f/2 :n2,n3 ) -a/
2 :n2 ,n3  2

LT =2 + -n2 + F1.a/2:n2,JF1_m/2:n2,n IFl

If any.limit is negative it is replaced with zero.

From the confidence intervals obtained for A and OT , and by

equation (2.1) we get the corresponling confidence Intervals for PA

and PT

The 1-a lower confidence interval for PA is

0 < PA ( < LA

where LA = LA(FI,F 2) which is defined in equation (2.7).

The 1-a upper confidence intervals for PA is

(+ IU A PA <

where UA = UA(Fl,F 2 ) which is defined in equation (2.8).

The 1-ca two-sided confidence interval for PA is

I PA - ( I

where Lf and U* are defined in equation (2.9).

The ]-a loer confidence interval for PT is
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< PT -  ' LT)

where LT = LT(FlF 2) which is defined in equation (2.10).

The 1-a upper confidence interval for PT is

( 7 + "I U T P- P T <

where UT = UT(FlF 2 ) which is defined in equation (2.11).

The 1-u two-sided confidence interval for o,. is

( IU* - PT ILT*J¥r T (U --+ ILT/

Where Ui and LT  are the confidence points given in the equation

(2.12).
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3. Evaluation of the Methods

In the preceding section confidence point(s) were determined

for upper, lower and two-sided confidence intervals which have exact an

confidence coefficient 1-ct for specified restrictionis, and for general

conditions the confidence coefficient should be clo~e to 1-ct . In

this section methods will be derived to determine how close

the approximate confidence coefficients are to the specified ones.

First consider the upper confidence interval

P(L(F11F 2) < 0OA < a) PLCOA) (3.1)

From equation (2.7)

1l+F -1 F+(- F )FFI
1 -~ n1, c:n 1,n 3  ct~nlfl3 1I if F1 > F

ct~~~n11 ~~ atn,2 2i 1  c:n1,n3
21 3

(3.2)

From Section 1

F 1 2 5 for 1=-1,2 ; also n S12 /

for 1 1,2,3 are independent chi-square random variables withn

degrees of freedom respectively.

Consider the follkwing events

A - {L(F 1,F 2) < 6A ; F1 > 0; F 2 > 0)

B F >F :n,nI3 F2 >0; L(FIF 2) 0)
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B2= {Fl cF; F 2 > 0; L(F1 PF 2) .10) (3.3)

So B I nB 2 - and BIU B 2  n where

1ISF 2.L(F SF 2) F, > 0; F 2 > 0; L(FlF 2) -L0~

Clearly P L eA) = P(A). We will write events B 1  and B 2  in (3.3) as

B I z(F1> F a:n,n 3  B 2 = (Fl1 <F:nll3 (3.4)

From this we obtain

p LOeA) P(AIB 1)P(Bl) + P(AIB 2)P(82)

P L(e A) P[L(FF 2) !.'AIF, > Fa:nl~ )P(F I > Fan,

+ P[L(F13F 2) 'A IFi c. :n, 3 P[F I F .~,,

It+F -:1,F +(1- - 1  F )F Fi1

PL A)u 1' I A nn 3 o
I nI c~ I- annF F 2  3

x P[F1 > F:nn] -PO eIF, : F P[ < F
a~nn 31 + 10 eA ~ nn 3 cLnl,n 3

But e A is always greater or equal to zero so
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P[L(F1  Fd) 'A~ F1 < '(x i 1n

and

-I+ -F+( -F -1 F )FF1
p t ian,, c:n 11n3  ti:n 11n3 I A<IF~ n~ 3

x P[F1 > F a"1,,n3 +PCF 1 <Fcn I n3 + P 2  (3.5)

The first term in (3.5) gives

14 F -F-j F )FF1
[ :F n,~oi( a.n19ci:npn 3 ci:n 13n3 I
PI n +F -I -FF 2  -

0A F1>Falln

~J~-Fci~n~caQrl4(F +~,, F 2 2 ~ F)F~

-F~n COF4 Fa i 0-Fa *i ,n3 )F:nnF;1

2lF: 1 o 2n 3 l 4F 2
Fn,-lS 3 +S I +(Fa~ 00FoL:nlln3 )F S OF)FSl

Ppn F~ S 2S 1i 2 1,f+ F 3 S 2SS2 3 OA I I> a n 3

L 10:11 * + s1  +~ ,, 2 2F :~ 13

n F S S + F +S(F 2OjF F ]
1 an1~ 3 0Acs n 22A al 1 ,n 3 3

2 4 2_4)_ 2

n1 S, 1 2 In 2S1k 21 (Fa )F ,, 3
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F1  1 3n

cmx~o .(lA 11 A o :n1,n 8 e,2

n, 2 nl c'n1 n 2~ .F2)l(+eP1 = P L ( ~ ~~~~,n3)c ---2,- Fl + -F: 1 :1 >Fn,n n31-F~l,(~lA

F ele 3  e 3e2  F nn]

x U -1U 3 n n 3  F : n l , n A  2  A 1 2 F I 1 : n I n 3

where U1 = n Si2/ei for i = 1,2,3.

Divide both sides of the inequality by 932 and let Pi = 0l/03

for 1 1,2 to obtain

p p I i +(F F ) U < F C(1+n 0API =  -n- -,  am (F 1,'F :nl,n3)Fa:nl,n 3  n3 
2  -- F t: nl , l n1 A )

UI U3  o1 2 P +
1 3 a:nl,n2 eA nI n 2  F1  F:nl,n3

Divide both sides of the inequality by UI to obtain

F :nl,n1 3 U 3 FP1 - Ul + (F F 3)n,2  1 cL:n I ,c:n 1, n3 2 U1 - c.:n ,(l+nlOA)

U3 P + Pl U2  1

1 n3 Fa:nl,n 2 eA n -2  2 1  a:nlVn 3

i4



222 Fo:,R 2/i
PL Ul + (F - n3 ) 2 UF3  F : (+n A

112 P:n, c:n 1, n 3  2 a: n 1A)

np 1  (n nn1 1 n

U l 3  U122 F > F a
nI P2 F a:n ,n 2  2  :n ,n3 1

(F -F )F2

S = F nl, -(Q:,n In ):n,n 3 A :nn 32
A 21 F__am___ ___0_F__

C3  =(l~10A )+n l 2 A 3PF P2: A Fl:n2 )

Noe 1• 1 20 a : nn~p~FI U3 < U2 F1 > ]
C (1nlPeA)F(,:n,/n 3 2 1a:nn

U 2

P= P[C1 UI + C2 --I "- 3U  <- U2JF1  F:n'3]

L CUtU1 +U3  C2U3
2  (U+U3)

2  C3U3
2P]U) (U +U3)

2  - (UI+U 3)

U2 C2 1 F :n I nn3 l 2 Ar2
c ( +n O ) a n (, 2 AF ~n~n2
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LeUU1 U ,1 U 3

Let X U + U Y ,so (-Y) =

Then

P1 = P[C1YX + C2(
I-Y)2Y-IX " C3(IY)X < U2

and

pL(eA) P[C YX + C2 (l-Y) 2 y-
1x - C3 I-Y)X < U2; F1 >F: ]
(1-) 2 '1> a:r11 ,n

+ P[F1 . F a:n 1,n3  (3.7)

The random variables X, Y, U2  in (3.7) are independent and

2 n n3  2X X2(nl+n 2) , Y Bi T p -2) ' U2  x (n2 )

Now consider the event {F1 > F 1. The following events are1 :nI ,ln3

equivalent:

nS 1 2e 1  1 3 S3
2  03

F1  F : n 3  ; S 2  S3
2  F n }; I  n 3 i3  F :npn3 1;

( IUI nl( I~l Fc:nl'n",,

UIl >U3 Fa > - F ;+ > +
n-- I n 3 :nl n3 3 n3Pl ac:n vn3 ; 3 n 1)1

ti
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FC•n A :nl,n 3

>-Y) ; Y > 3.n2Pl 1 c:n 1  n3 + n2P 1

Then (3.7) can be written as

.L(OA) 1 C2(1-Y)2f C3(Y) 2

Y F>/(F 1
+ P - Fa:fn' F:nn 3

n 2p l )]

= R (CI+C 2+C3 )Y+C2W1 - (2C2+C3 ))X U2; Y > ] + P[Y < A]

= P[g(Y)X < U2 ; Y > A] + P[Y < (3.9)

where

g(Y) = (C1+C2+C3 )Y + C2 Y - (2C2+C3 )

= Fa:nn a:n,nPn n2P ] )

With probability one Y c (0,1].

Consider the function

2(C +C2+C3)Y - (2C2+C3)y + C2g(Y) 1 ) y 23 2< y <

Clearly

g(y) 0 iff (C I+C 2+C 3y 2 (2C 2+C 3)y + C2 0;

Ai
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hence, g(y) has only two zeros for y c R, and they are

(2C2+C3) + [C
2-4CIC 2]

I/2

'I 2(C1+C2+C3)

1(2C2+C3) - 3

2 2(C1 +C2+C3)

Also Lim g(y) -m and Limg(y) = C > 0. Since g(y) is continuous
y o+ Y1yI -i

in (0,l] then at least one of the roots (616 2) is in (0,I). But

y

= (C1+C2 3) -
2 = CI+C 3+C2(l-y'

2) , 0 < y<1

But for y c (0,l), (i - ..i )< 0 . Also, (CI+C 3) > 0 and C2 < 0 ,i

hence, if y c (0,1) then

dy

So g(y) is monotonic increasing in (0,1]; also since

Lim g(y) = - and Lm g(y) C > 0 , only one of the two rootsy-,O+  1~

can be in (0,1]. This gives the following two possible forms for g(y).

(y)

6

Figure 3.1
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(y)

Figure 3.2

The number 6 is the root in (0.1); also XE(O,1) so if g(A) < 0

this implies that A <6 . Next we show that g(x) < 0 for some value

of c c(0,I).

9W = (C1+C +C )A + C2  - (2C +C)

1 2 2C+23

(Fcinln 3 n 2p1) 2 Fan~

2 2_(C+(Fn
(C I+C 2+C3 )F c:n1,n +C 2(Fa :n,n +n 2pl) (22+3)Fa:n1,n (F:n1 ,n+f2PI)

Fa~nn 3 3+ n 2P1)

First note that the denominator of g(X) is always positive.

Denote the numerator by N so

N=(+C+ )F2 + CF2  22 1 n 2 Cn F

N= (C+ 2+C3)F:n,,n 2 C:n 1 n 2C2 OP 2 22 1P ci:npl 3

-2 C 2  2n 1  3 C F 2  n Fr
2 0:n, n 22 3  i1 3 ct.fl13 n 3 .3r2P1 Q:n13n3

1' 3
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Replace C, C2  and C3  by their values in (3.6) and obtain

F2  22 F -fn 2p 2F2
Sa:nl , n  :n , toc:n 1,n 3 2 I a:n 1,n3

N n A F 1+ F F

Aa:n ,n2  n3PPP2AA a:nln 2

n?e2A n, + . ) p Ft:n 1 oF :n,n 3
n3P2°0 A eF a: nI n2

}2p2F 2F 2(~1+ )F 22 n

1 I2Fc:n 9n3"n22 p1 2 c:nl'9n3+F :nl,-n2 2 PI2-n 2 2 AnI  :n1"CL: F

F F

n3P IP2 A a: nI ,n 2

Fa:nl ,F c::n ,n3n2 p1 2(l'eAnl+l)

a F

n3PlP2eA F
3"IP2 A a :nI  ,n 2

So the numerator is always negative which implies that g(x) will

always be negative; and hence, A < 6

Summarizing these results give

a) g(y) > 0 iff y > 6 for y c (0,I)

b) 0 < A < 6 < 1 (3.10)

c) g(y) < 0 iff y C (A,6)

Using these facts to evaluate

P~g(Y)X < U2; Y > A] in (3.9)
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we obtain

Pfg(Y)X < U2; Y > AIX < Y < 6] P(A < Y < 6]

+ P[g(Y)X < U2 ; Y > AlY > 6] PEY > 6]

= 1 P[X <Y <6] + [g(Y)X < U2 ; Y > A; Y > 6)

P[X < Y < 6) + P[g(Y)X < U2; Y > 6]

= Fy(6) .- Fy(A) + P [g(Y)X < U2; V 6]

where

Fy(y) = P[Y Y]

From the original probability in (3.9) we get

PL(OA) = Fy(6) - Fy(x) + P[g(Y)X < U2 ; Y > 6] + Fy (A)

Fy(6) + Plg(Y)X < U2; Y > 6) (311)

Also

P[g(Y)X < U2 ; Y > 6] = P[g(Y)x + X __ U2 + X; Y 6 )]

=P g(Y) + 1 < ;Y > 6

S g(Y) + > Y >6 (3.12)
SP + - -- X + U 2

Let Z = X/(XtU2 ) It follovs that Z is distributed as Beta with
( n.,+n 3 , n)-

parameters . n2) . Also, let ni  be an even integer so that

n1/2 = mi  for i = 1,2,3 and hence the mi are positive inteuer.,.

If X, X2, X3.,re independent chi-square random

variables with n, m 2 , m3 degrees of freedom, respectively, and

I_-



29

Yi x Y xI+

then Y1, Y 2  are mutually independent Beta random variables with

parameters (m,1 2, mj/2) and ((m1+m2)12 'm3/12) respectively.

From the result in (3.12) we obtain (let v denote [g(y) +lY )

PL(OA) P [[g(Y)+l]-l Z; Y 6 ] + Fy(6)

FYL 6) jMS 3 B~i 3  m 1 - (l-y) M3z m (1m -Z) M2- dz dy

6 0

F (6) f~ B-1 (M11 m3) mn1-' 13-1 zm I+M 3-
Y' JJ Rm 1 +m 3'm2) y (1-Y) z

6 0

M2- (m2I, 1(r (-z m2 -r-lI) dz dy

F m6 2+ I1 B- (mSm 3 )r(m 2)(-')m
2- -

F i() E B n i 3, )rr+)r(m -rT-

I-1 1 g(y)+Il -

x *f Y,1~ (ly)3 f z(I 1 +M 2+m3 -r-2) dz dy

6 0

PL~A Fy(6) + 2-B7(nl91 )m)-'2
L(OA) r-'O B(n+M 3 m2)(rIJTrh 2Tr
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m 1 1 -(m 1 +m2 +M3-r-1)
I/ (ly) 3 - romyr'Ty dy

m 2 -6 + 1 21 (-1) m - - (m I+M 2 + M3-1)!
r=O)+ (m1-J)!(m -1)1(m -r-l ; !r!(m +rn+m 3-r-1)

1 1m1 1 -)dy (3.13)

6 [g (y)+1)2

From the expression in (3.13) w,! will compute P L (0A)

Next consider the lower confidence interval

PEB A r1 U (F] IF 2)] - PU (eA) (3.14)

From equation (2.8) it follows that

= -ct:ni,'s I -~ -1an, -~,"

U(FlIf 2) 2> F FF
I/ _m ,I -an,n 

(3.15)

U(F1,F 2) 0 if Sl2S32- F1 ~,I

Substitute equation (3.15) into (3.14) to obtain

P U(OA) P P[[g(Y) + <)l Z; Y > 6] (3.16)

where Y -~ Beta (in1 m3) ,and Z Beta (m, .+m 3 m 2) Y and Z

are independent.
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gy) = (C3C +C C 1 
- +2C2) (3.17)

8 Is the largest root of g(y).

The C's in g(y) are obtained by changing the a's to

I-a's in the equation (3.6). So we have

9 n - n2Pl
nleAP2 F-1 n 2l

C" (FlI-a:nlI"'Fl'ao:nl'n 3)Fl'c=:nl,,n3 (3.18)

C2  n3PlP2 eAFl-:n,-(n.2

(l+nleA)Fl.:n1,4

C3  nlP2eAFl.ct:nl,n 2

Note C1  0 C3 > 0; and C2 > 0 if n1 >2, n2 L2, and

a ' .10.

Consider the function g(y) in equation (3.17) . Clearly

(Y) = 0 1ff (C1+C2+C3)y - (2C2+C3)y + C2 = 0;

hence, g(y) has only two zeros for y i R and they are

(2C2+C3) + [C32.4C1C2) 
1/2

= 2(CI + C2 + C3 )

(2C2+C3) - [C324C1C2
]1/2

62 2(C I C 2 C3)

Also Lim g(y) " * and Lim g(y) C1 > 0.Sy-00 + y.*l



32

Since g(y) is continuous in (0,1], then either both of the two roots

of g(y) are in (0,1), or neither of the roots are in the interval

(0,1), or the two roots are complex and not real. But A e (0,1] so

that g(A) , 0 .For

-A F Ian,

1-a:n,n 3 + 1~n2

(3.19)

0eAP2n~n 2 2F1-c:n1,- F1-a:n 11n 3
n ~3P1P2 A Fl...:nn20

This follows from the proof of (b) in Equation (3.10).

Fromi the above it is clear that the two roots of g(y) are in

(0,1) which results in the following form for g(y).

;(y)

Cl

y
0 1

Figure 3.3

From equation (3.16) we evaluate P U(eA) as follows

M m2- 1 (-1) 2 (m1+m2+m3-l)! ___
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Im rn-i

x f(1.-)3 (M I M2+.3 -) 1 dy

(l-yg [ )+1 ]
(ml~ 2+m3

"r'l i)  d

(3.20)

The two-sided confidence interval is

P[LI(F!,F 2 ) c eA I UI(FI,F 2)1 = P2 (eA) (3.21)

where LI(FI,F 2 ) is given by (3.2) with a replaced by m/2 and

uI(F 1 ,r 2 ) given by (3.15) with i-a replaced by 1-c/2

To show (3.21) let A and B be the following events

A - (LI(F1,F 2) 8 A B - {eA UI(F 1,F2)}

Then

P2(OA) P(A B) (3.22)

From (3.22) we obtain

P2(8A) = P(Afl B) - - P(A--j) p 1 - P(AUf)

: E1 - P(N) + P(f) - P(Wf )

1 - P(X) - P(T) + P(N n F) (3.23)

Also

P(X) 1 - PL(OA), P(N) - 1 - PU(A)
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and V

Polo F) - P(eA I-, L(F1'F2); U(F,'F 2) 'A) = 0

If L(FI,F 2) I U(FIF 2) with probability one. Next we will show

that this is indeed the case for n, > 2 , n2 _ 2 and a < .10 .We

must prove

-1 + F-1: r, + (l-F1 n F )F ,n
+, . n 3  a:n,,n 3 1

+ F.I  + (-F1  F )F

-1F'-:n 1 + -c":nF-. l-ct:nin 3  l-a:n 1 ,n3 1
n + F-1 F2F

which we write as

-1 + AlIFI + BIF I  -1 + A2FI + B -2FI

+ T I F2 n + C.2F2 2.24)

This implies

U(F1,F2) j L(F1,F2)

To prove equation (3.24) we use Lemma 1, 2, and 3. (See Ghosh (1973)).

Lemma 1 FI:nln 2  is decreasing in n2  if n1 >2 n, n2  2,

< .10

Lemma 2. Fa:nl,n 2  is decreasing in nI  if nI > 2, n2 >2,

< (_.10.
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Lenma 3. F1.a:nin is increasing in n2  if nI > 2

n2 > 2, a <_ .10

Proof:

F:n*,n2_ F :nl,n 2  if n, > n, (by Lemma 2).

So

K I  <F -I

1-a:nnit S- 1-af 2,lnI

And from this the resu*t follows.

Using the Lenmas in expression (3.24) we have

1) C2 < C1  since

1 F n< -I 1F1-a:nl ,,,F1-a:nl ,n 2 - F:nI is- :nl ,n2

then

- I + AIF I + BIF-I - 1 + AIF I + BIF 1

C1  1 ,C 2 1 1 so n + CFn
2  - n 1 2

2) F 1  < FAI  Aa:nni - I 5 <_ 2

and

-1 + AIF I + BIF1  -I + A2F + B F1 1

n1 + C1 F2  n2 + C2 F2

3 F-1 F - F
3) F n W,Fa:nl,n 3  > F .a:n 1 , -FlF a :nl n3

so

-F1  F K I
Fa:nl, cF:nl,n 3 -- -a:n 1, . l-. a :n 1 ,n3

and

(1-Fn Fn ) (1-FI F
• - 3-:n

1 ,F- :nl,n 3
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(1-F F )Fc~-F F )F

then B 1 82

anid

I1+ A F~ + B F-1  -1 + A F1 + BF-1

I 21 C 2 1
n + C F2  n + (

Going back to (3.23) we get

P 2(e A = 1 - lP L (OA))- (1-P U(e A + 0

P2(eA) = PLOeA) + PlU(OA) -1(3.25)

Numerical integration will be used to evaluate the integrals

in P L(0eA P PA ), and P 2(eA) . The method used is Simpson's Rule

which gives

f b f~ytd Pjfka) + 4f(a+h) + 2f(a+2h)

4f(a+3h) + ?f(a+4ti) + .. + 2f(a+(n-2)h) + 4f a+(n-I)h)

where hi is the length of the subintervalsin which ka,b) has been

partitioned. lie used h - .001.

Various Combinations of sample sizes were cnosen, and for each

of the combinations several sets of P,, and p2 I and different

G's were used.
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A list of the values of I, J, Plo P2. and c used is given

below

(1,J) (3,3);(3,7);(3,1l);(5,3);(5,5);(5,11);(7,3);

(7,7);(7,11);(9,3);(9,9);(9,11);(11,3);(11,7);(11,11)

CA?/C : .003, 1, 10, 100 (4.1)

OT 2 0, 1, 10, 100

1-a :.90, .95, .975, .99

1 "  + J A/Uc

P2  + 1 + I aT/a

The results are given in Tables 2, 3, and 4. The first five columns

in each table show the I, J, nl, n2, and n3 values. Each of the remaining

columns give the results for the specified 1-a confidence coefficients.

For each of these columns the ranges that the confidence coefficients vary

(as p1  and p2  vary over their allowable values) are shown.

P2J
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The approximate confidence coefficients corresponding to the

lower confidence intervals are very close to the specified ones, shown

in Table 2. The approximate confidence coefficient. for the uppe

confidence intervals range from values very close to the specified ones

to some high values, shown in Table 3. Similar results hold for the ti.

two-sided confidence limits shown in Table 4.

For I fixed the range of the confidence coefficients is closer to

the nominal value when J increases. For J fixed the upper bound of

the range is higher when I increases. So the confidence coefficient

will be better when J is large. However, in general the approximate

confidence procedures seem adequate if I and J are each 5 or bigger.
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Table 4

Range of confidence coefficients for a two-sided confidence
interval on

I J n1 n2 n3  1 - =.90 1 - = .95

3 3 2 2 4 .90103 - .93208 .95072 -..97000

3 7 2 6 12 .90043 - .91349 .95030 - .96000

3 11 2 10 20 .89950 - .90849 .94827 - .95702

5 3 4 2 8 .90096 - .93896 .95062 - .97273

5, 5 4 4 16 .90077 - .92684 .95051 - .96725

5 11 4 10 40 .89929 - .91272 .95031 - .95884

7 3 6 2 12 .90094 - .94310 .95604 - .97436

7 7 6 6 36 .89871 - .92475 .94984 - .96607
7 11 6 10 60 .89896 - .91673 .94955 - .96130

9 3 8 2 16 .90092 - .94619 .95059 - .97647

9 9 8 8 64 .89835 - .92374 .94929 - .96546

9 11 8 10 80 .89878 - .92016 .94938 - .96334

11 3 10 2 20 .90090 - .94863 .95058 - .97782

11 7 10 6 60 .89790 - .93203 .94926 - .97006

11 11 10 10 100 .89868 - .92315 .94927 - .96510
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